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In this letter we describe an infinite family of new N = 1 AdSs/CFTi dual pairs which arise 
from M5-branes wrapping Riemann surfaces in Calabi-Yau threefolds. We use the relevant brane 
constructions to compute the central charges of the infrared fixed points from the M5-brane anomaly 
polynomial. We then present AdS^ x Mq solutions of eleven-dimensional supergravity which are dual 
to these CFTs at large A''. Finally, we provide a purely four-dimensional field theory construction 
which flows to a special class of these fixed points. These theories are further elaborated upon in a 
companion paper 



Despite many years of study, the M5-brane remains a 
deeply mysterious object. When wrapped on a complex 
curve Cg of genus 5 > 1 inside a Calabi-Yau manifold, 
M5-branes support a low-energy four-dimensional world- 
volume theory that is strongly coupled and generically 
has no known Lagrangian description. In certain cases, 
explicit solutions of eleven-dimensional supergravity are 
known which provide a holographic description of such 
theories at large N , and even at finite N some aspects of 
these theories can be understood. Still, the set of such 
solutions is small, and the number of known field theory 
duals even smaller. 

The first example of such eleven-dimensional solutions 
was discovered by Maldacena and Nunez (MN) [2] . These 
solutions preserve either four or eight supercharges, and 
the near- horizon geometry has an AdSr, factor. The dual 
field theories are therefore four-dimensional A/" = 1 or 
J\f — 2 SCFTs. Although for many years these theo- 
ries remained mysterious, the recent discovery [3] of a 
new class of = 2 SCFTs provided the missing link. 
These new theories, which are called T^v, have SU{N)^ 
global symmetry and are strongly coupled. In g], the 
authors showed that the M = 2 MN solutions are dual to 
T/v theories coupled together by pairing all non-Abelian 
global symmetries and gauging the diagonal subgroups. 
Furthermore, in [5], it was shown that the M = 1 MN 
solutions are dual to Gaiotto's theories after perturbing 
by a mass term for all the adjoint chiral superfields in 
Af = 2 vector multiplets and flowing to the infrared. 

It is useful to organize these constructions in terms of 
the ambient Calabi-Yau geometry in which the curve Cg is 
embedded (in this note, we consider only the case where 
Cg is closed). In theories preserving eight supercharges, 
this ambient space is a Calabi-Yau twofold, and locally 
the geometry is the cotangent bundle T*Cg. This is the 
arrangement which leads to the N = 2 MN solutions. 
Alternatively, when four supercharges are preserved, the 
ambient space is a Calabi-Yau threefold. The M =1 MN 
solutions then result from the situation in which the local 
geometry is of the form AT^/^ ® AT^/^ Cg with K the 
canonical bundle of the curve. 



In this work, we establish an infinite family of new 
eleven-dimensional solutions and their field theory du- 
als which arise on M5-branes wrapping complex curves 
Cg in Calabi-Yau threefolds. In contrast to the situa- 
tions described above, we allow the local geometry of 
the threefold to be any decomposable C^-bundle over 
Cg. The bundle then splits as a sum of line bundles 
£1 ® £2 Cg. The Calabi-Yau condition requires 
£1 (8) £2 — AT. Taking p — deg£i and q = deg£2, this 
implies that p + q = 2g — 2. Any such choice of p and 
q leads to an allowed twist of the M5-brane theory on 
Cg preserving at least four supercharges. For g = or 
p — Q, there is an enhancement to eight supercharges 
and the construction reduces to that of 3 . For p = q we 
recover the Af = 1 theories studied in |5j . 

New fixed points from six dimensions. While very 
little can be computed directly from the six-dimensional 
theory of M5-branes, it is possible to extract the super- 
conformal R-symmetry and central charges of the pu- 
tative four-dimensional IR fixed points by an anomaly 
computation similar to the one performed in This 
will provide a stringent check on our interpretation of 
the gravity and field theory constructions which follow. 
The anomaly eight-form for N M5-branes is [6] 

I[N] ^{N- + (A^^ - , (1) 

where /[I] is the anomaly for a single M5-brane, 

m = up^{M)-P2{r) + \{p,{T)-p^{Mm . (2) 

The characteristic classes pi^2 appearing in these ex- 
pressions are the first and second Pontryagin classes of 
the normal bundle Af and tangent bundle T to the six- 
dimensional M5-brane world volume. The choice of nor- 
mal geometry implies that the Chern roots li , I2 of the 
normal bundle are related to the Chern class t of the 
tangent bundle to the Riemann surface by 
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The parameter z is related to the degrees of the hne bun- 
dles £1,2 by z= (p-g)/(2ff-2). 

The central charges of the resulting four-dimensional 
theory can be obtained by turning on a background flux 
for the superconformal R-symmetry and then integrating 
the anomaly eight-form over Cg to produce an anomaly 
six-form. However, the decomposable nature of the 
bundle over Cg implies that the field theory has a i7(l)^ 
symmetry coming from independent rotations of the line 
bundles >Ci.2, so the superconformal R-symmetry is not 
a priori identifiable. 

It is useful to define subgroups of this UiVf' symme- 
try as follows: {/(l)^^, which rotates the two normal 
line bundles with equal phases, and C/(l)jr, which ro- 
tates them with opposite phases and under which the 
preserved supercharges of the twisted M5-brane theory 
are invariant. We can then parameterize our ignorance 
of the infrared superconformal R-symmetry in terms of a 
trial R-symmetry = Rq + eJ-". Couphng R^ to a C/(l) 
bundle F induces a shift in the Chern roots, 

^1 -> 4 + (1 + e)ci (F) , £2 ^ £2 + {I ~ e)ci (F) . (4) 

The anomaly six-form then takes the form 

le - iTri?3ci(F)3 - ^Tri?, c,iF)p,{%) , (5) 

in terms of the linear and cubic 't Hooft anomalies of 
the trial R-symmetry. The central charges a and c are 
linear combinations of these anomalies when R^ is the 
superconformal R-symmetry, with the value of e fixed by 
the requirement that a be maximized [7]. 

Explicit expressions for the maximizing value of e and 
the central charges are unwieldy and appear in [1] . How- 
ever, the answers simplify at large N, where we find that 
for the superconformal R-symmetry, 



1 - Vl + 3z2 



^ 3z ' 

and the central charges are given by 



a{z)=c{z) = 'JL^—({1 
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(6) 



(7) 



The organization of the fixed points for a given Cg re- 
flects the structure of the normal geometry to the M5- 
branes (see Fig.[T]). In particular, there are g — 2 distinct 
fixed points with central charges that fall between those 
of the A/" = 1 and Af = 2 MN twists, corresponding to 
line bundles with p and q both positive. There arc then 
infinitely many fixed points with central charge greater 
than that of the M = 2 MN twists, with the central 
charges growing linearly for large z. 

Dual supergravity backgrounds. At large N , the 
existence of the fixed points described above can be es- 
tablished holographically. The dual supergravity solu- 
tions can be found by imposing constraints on the eleven- 
dimensional spinors to match the conserved supersym- 
metries on the M5-branes. The supergravity solutions 
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FIG. 1. The central charge o as a function of the twist 
parameter 2 for genus g = 7 and = 4, 5, 6 (bottom to top). 
The MN theories are marked with large points at z = and 
\z\ = l. 



thus correspond to "wrapped-brane spacetimes" in the 
language of [S] . The resulting backgrounds admit a trun- 
cated description in terms of a U{1)'^ seven-dimensional 
gauged supergravity, as was the case for the special twists 
studied in [2*. In fact, BPS flows from an asymptoti- 
cally locally AdSi geometry to the AdSc, fixed points can 
be found numerically, demonstrating that RG flows from 
the twisted six-dimensional field theories actually hit the 
four-dimensional fixed points in question pj. 

We find a two-parameter family of eleven-dimensional 
AdS^ solutions indexed by g and z that can be obtained 
from the seven-dimensional solutions by the uplift for- 
mulas of [9]. (A subset of our solutions has previously 
appeared in |10j.) The metric takes the form 



dsj = e 



2 _ -dt^ + dz^ + dr^ dx^+dy' 
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dsl = x^'d^il + J2x~\dfij + iifidcj,, + , 



where we have defined 



Q=0 a=0 ^ 

with fli = (1 + z)/2, a2 = (1 — z)/2, and Aflat the con- 
nection for a flat bundle over Cg[x,y\. The constants 
take values depending on z. 



1 + 7z + 7z2 + 33z3 - (1 + 4 z -I- 19 z2) + 3 ^2 
4z(l- z)2 ' 

, Xo = (X1X2)-' , (9) 



1+ z 



2z + Vl + 3z2 



= Xq-i , e29« = ^ ((1 - z)X, + (1 + z)X2) 
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The four-form flux is given by 

2 

*ii ^^(4) = 4^(X>2 _ AX„)6(7) + 2AXoe(7) 

(10) 

where F^*) = 6(7) is the volume form for dsy, and 

*7 and *ii denote the Hodge star operator with respect 
to (isy and dsfi, respectively. 

The internal manifold in the metric ^ is an fi- 
bration over Cg, which is realized as an appropriate quo- 
tient of H^. Compatibility of the S'^ fibration with this 
quotient then requires that z take discrete values as in 
the previous section. This structure exactly parallels the 
geometry of the M5-brane construction. One can iden- 
tify the Kilhng vector generating U{l)jr with — d^^ 
and the one corresponding to C/(1)_R(, with d^^ + d^^. It 
is also apparent that there are exactly marginal defor- 
mations of these backgrounds given by variations of the 
complex structure of the curve Cg (realized by modifying 
the quotient action on H^) along with variations of the 
flat connection Aflat ■ The conformal manifold of the dual 
field theories is then of complex dimension {3g — 3) + g. 

It is straightforward to compute the central charges for 
these backgrounds using holography, and the result is in 
precise agreement with ([t]). Furthermore, there are BPS 
operators Om2 in these theories which are dual to M2- 
branes wrapping the curve Cg . The dimension of such an 
operator is also computable from the gravity solution 4J, 
and is given by 

A[Om2] = N{g - 1) (1 + ^VT+3^) ■ (11) 

A canonical system of coordinates for supersymmetric 
AdS^ solutions of eleven-dimensional supergravity was 
introduced in ,lli . A prominent role in this construction 
is played by a particular Killing vector - constructed from 
a constant-norm Killing spinor - which generates the su- 
perconfornial R-symmetry of the dual field theory. The 
solutions in (|8| can be adapted to these coordinates, in 
which case the relation of the superconformal Killing vec- 
tor to the two Killing vectors in ([s]) is given by 

= \XlXl {X^d^, + ^290 J . (12) 

This geometric identification of the superconformal R- 
symmetry matches the result of a-maximization in the 
previous section. 

Field theory construction. We now turn to the field 
theories dual to the above constructions. The basic build- 
ing blocks will be the Tjv theories discovered by Gaiotto 
in [5]. These are isolated TV = 2 SCFTs with SU{N)^ 
global symmetry coming from N M5-branes wrapping 
a thrice-punctured sphere C0.3. Although there is no 




FIG. 2. An example of an A/" = 1 quiver construction at 
genus 3 = 3 with (p, q) — (1,3). Shaded trinions have a = -1-1 
while unshaded have a — —1. Shaded versus unshaded nodes 
represent A/" = 1 and N = 2 gluings, respectively. 

known weakly coupled description of these objects for 
A^ > 2, we do know some of the gauge- invariant opera- 
tors and their dimensions. In particular, each comes 
with three dimension-two operators /Iq, a — 1,2,3, each 
transforming in the adjoint of one of the SU{N) groups. 
There are also operators Q,Q oi dimension A^ — 1, trans- 
forming in the (N, N, N) and (N, N, N) representations, 
respectively. 

Diagrammatically, we represent a T/v by a triangle 
(trinion) with three prongs coming off the vertices, cor- 
responding to the three SU{N) global symmetries. One 
can now construct a large family of new Af = 2 field the- 
ories by gauging the diagonal subgroup of two of these 
SU{Nys, generically from different T/v blocks. To be 
consistent with Af = 2 supersymmetry, we need to in- 
clude the superpotential term W — Tr(/i(/)), where 
is the adjoint chiral superfield in the vector multiplet. 
These theories have p 01 q equal to zero and are dual to 
the N = 2 AIN solutions. Similarly, one could connect 
the T/v blocks with all A/" = 1 vector multiplets, as dis- 
cussed in [12]. The resulting theories then have p — q 
and are dual to the Af — 1 MN solutions. 

Coupling T/v blocks with vector multiplets has a ge- 
ometric interpretation in terms of gluing together local 
Calabi-Yau threefold geometries of the form C x T*Co,3. 
In the Af = 2 case, the line bundles are connected so 
that the resulting geometry is still the sum of a trivial 
bundle and a cotangent bundle. Alternatively, we inter- 
pret coupling by an A/" = 1 vector as gluing the local 
geometries so that the cotangent bundle over one sphere 
is connected to the trivial bundle over the other and vice 
versa. For any one of our local geometries with p and 
q both non-negative, we can introduce a decomposition 
into a collection of 2g — 2 punctured spheres, over each of 
which is fibered one curved and one trivial line bundle. 
Furthermore, each punctured sphere is endowed with a 
number fcj = 1,2 indicating that the curved part of the 
normal geometry lies in the line bundle £fe. . 

To each decomposition of this kind, we associate a gen- 
eralized Af — 1 quiver theory where the i'th T/v block in 
the quiver comes with a sign ai = (—1)'^'''"^, and the 
connecting gauge fields come in A/" = 2 or A/" = 1 vec- 
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tor multiplets according to whether they connect two T/v 
blocks with ataj = +1 or —1, respectively. There will be 
p blocks with = +1 and q with ai — —1. Any such 
arrangement is naturally encoded in a generalized quiver 
diagram with shading (see Fig. [2]). In such a construction 
the Af — 1 gauge interactions are asymptotically free, and 
in the UV the theory is a collection oi Af = 2 generalized 
quiver theories along with some decoupled M — 1 vector 
multiplets. 

Our main tool to analyze these field theories will be 
global symmetries. When viewed as an A/" = 1 object, 
each Tn has two global U{1) symmetries, Rj\f=i,i and Ji, 
which are in the Cartan subalgebra of the SU{2) x C/(l) 
Af = 2 R-symmetry. The charges of these symmetries are 
as described in |5j. Each Af — 2 vector multiplet addi- 
tionally comes with an adjoint chiral superfield charged 
under a global symmetry Fi^j^. The indices ia and jb, 
with a,b — 1,2,3, refer to the possible SU{N) flavor 
groups of the two Tjv's attached to the vector multiplet. 

When all the T/v theories are connected with either 
A/" = 1 or = 2 vector multiplets, there is one anomaly- 
free R-symmetry Rq and one anomaly-free non-R sym- 
metry J-. Given any choice of {cri}, Rq and J- are 



Rn — R- 



IE 



{(7i + aj)Fi 



The last sum is over all locations oi Af = 2 vector mul- 
tiplets, i.e., between T/v blocks i and j with aiaj = 1. 
R is the superconformal R-symmetry of the UV fixed 
point, and acts as Rjs/=i^i on the i'th Tjv. The symme- 
tries i?o and J- then admit a natural interpretation as the 
symmetric and anti-symmetric combinations of the U{\) 
actions on the line bundles Ci and £2- 

Since Rq and T can potentially mix, there is a one- 
parameter family of R-symmetries given by R^ = Rq + 
tT . The superconformal R-symmetry can then be fixed 
by maximizing = J| (3TrJ(!^ — Tri?,:) . The answer is in 
precise agreement with the calculation using the previous 
methods. 

At large TV the central charge is maximized at 
(the more unwieldy value of e also matches the 
anomaly analysis for finite A^, see ^). The superconfor- 
mal R-charges of some of the chiral primary operators 
are then 



R\[i^ = 1 - , 
R{(i)ij\ = 1 + i(o-,; + o-j 



(13) 



1)(1 



The dimension-three chiral operators at such a fixed 
point are easily enumerated. For each Af =2 node of the 
quiver, there are operators Tr(/Xi^^i^j^) and Ti{ijij^(j)i^j^), 



while for each = 1 node there is a single operator 
TT{fii^lJ,ji^). To compute the dimension of the conformal 
manifold, we can use the methods of Leigh and Strassler 
|13) . In a theory with 7712 Af — 2 vector multiplets and mi 
Af = 1 vector multiplets, there are 2m2 -I- mi marginal 
operators. Adding this to 3g — 3 gauge couplings, we 
obtain (3g — 3) + 2m2 + "t-i marginal parameters. How- 
ever, (2g — 3) -f 7712 of these are removed by anomaly 
constraints and field redefinitions, leaving (3g — 3) + g 
exactly marginal parameters. This matches the gravity 
calculation of the complex dimension of the conformal 
manifold. Finally, we note that an M2-brane wrapping 
the Riemann surface is dual to Om2 = YiiQi^ wit h di - 
mension ^{g — l){N—l){l — e^z), in agreement with (111. 
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